Deck 04 - Optimization I: descent,
Newton, Gauss-Newton, and the
damped inverse-kinematics step

3.1 Descent, step size, and the safety check
3.2 Newton, Gauss-Newton, and the damped step

Ozgir S. Oguz - Bilkent University - Fall 2026

Given ¢ and J, how do we find q with p(q) = y*?
When does the obvious full step fail, what check protects against it, and what
better step replaces it?



Where Deck 03's bridge left us

quantity value Left open

target y* (0.5, 0.2) m e How far to trust the step

start q(0 30°, 45°
4 ( ) e A3 X 7J (the Panda)
tip p(q(?) (0.4241, 0.4898) m
0 e What closest means when
e=y" — ¢(q®) (0.0759, —0.2898) m )
| ) ) no q reaches y
step solving JAq = e (—52.7°, 74.17)
miss after that step 0.17m

A scalar cost and methods that walk downhill on it answer all three.

min f(q) = 3lle(@) -y, r@=¢@ -y, @)= e



See the cost as a surface

f(z) = 27 + 1023, z € R, z(0) = >

2
Height gives the cost Each contour has one cost
2- 20 = (3,2)e
i 7 7 (0)) — ,
".'-'.'.',-:-.i(,,z,, .49 f= 49
L, 00
N
49 %= Q- 0- /
0
minimum (0, 0)
—24 f=0
PR
2 2 .
! 4 —4 —2 0 2 4
21
Current cost: f(3,2) = 32 + 10(2%) = 49 Minimum: (0, 0), cost 0 - Contours: equal cost

modules/opt-explorer - optional [ (R G LA


https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=elongated&preset=classic-zig-zag&method=gd&ls=off&alpha=0.05&arrows=off

Read slope and curvature at the same point

The gradient points uphill fiz1,2) =22 + 40 f(3,22) =9+ 1023
5] VA(z'?) = (6, 40)(0) t slope =6 slope =40
Z 100 curvature =2 100+ curvature =20
N 0 * = current point = current point
49 ~S~— e 49 - =
_2-
; . ; . 0+ : : 01— . : .
-4 =2 0 2 4 -3 0 3 -3 0 2 3
Z1 Z1 Vi)
Arrowltsicéai!]%(,:ci ;o;t\g;!blllty. Both slices use the same axis scales.
Gradient: the two slopes, stacked; points uphill Hessian: changes of those slopes
221 6 0° f 2 0
Vi(z)= V£I(3,2)= H,;,; = H =
f(z) = |50, | 13:2) = 14 Y 920257 0 20

H > 0 (positive definite): upward curvature in every direction



The local model, and what "local" costs

min f(z), flz4+6)~ f(za) +Vf'é+ %5TH5

zcRd

e Deck 03 linearized a vector map, ¢(q + Aq) ~ ¢(q) + JAq; this is the same
expansion for a scalar, kept one term further, with the step Aq written 0

e Jfoday: z = q, the n joint angles

e Week 4: z = qq.7, a whole trajectory

e Local search is like a walker on a hillside in fog, sensing nearby ground.
Different starts can reach different valleys; a run may stop at a saddle or fail to
converge. No global-minimum certificate

modules/opt-explorer - optional [l g1 o F:18-R 1 atl1le Bl ILE)
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https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=himmelblau&preset=center&method=gd&ls=armijo&alpha=0.1&arrows=off

Two decisions per step

7z <+ 7+ ad
e Where to move: downhill direction d Wanted from the method
e How far to move: scaled by o > 0 e monotone: f never
o Gradient descent: d = —V f(z) increases
e Newton:d = —H 'V f(z) (slide 17 » convergent: ||V f[| — 0
derives it) (conditions in the notes)

e robust: rescaling z does not
slow it

modules/opt-explorer - optional [l e ke 1=l LI B o



https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=elongated&preset=classic-zig-zag&method=gd&ls=off&alpha=0.05&arrows=on

Compute a gradient-descent step

flz) = 2 +1022,  Vf(z) = (221, 202)

1. Subtract the scaled slope. 2. Compare step sizes from (3, 2).
21 < 21 — a(2z1) o  factorson (z1,22) next point
= (1 — 2a) 21, 0.05 (0.9,0) (2.7,0)
0.5 (0,-9) (0, —18)

29 < 29 — a(2025)
= (1 — 20c) 2.

e 0.05: z9 at zero; z1 closer

e 0.5: z; at zero; z9 overshoots

No single o takes both to zero in one step.



Three step sizes, and Newton's one step

gradient descent, a = 0.05: factors (0.90, 0.00) gradient descent, a = 0.08: factors (0.84, -0.60)
24 24
1 1
g 0 * 0 *
—1- -1
-2 -2
-2 0 2 -2 0 2
gradient descent, a = 0.1: factors (0.80, -1.00) Newton: z— H~1Vf, one step, exactly
2 2
1+ 1
Q04 * 0
-1 -1
-2 ] -2
-2 0 2 -2 0 2
Z1 21

f(z) = 2} + 1023 from (3, 2), twelve steps: larger « speeds 21 but can make 22 oscillate

code/descent.py - modules/opt-explorer [l gReolii] F:1T-Ro1 (] R Ir 4=


https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=elongated&preset=classic-zig-zag&method=gd&ls=off&alpha=0.08&arrows=off

Balance the two coordinate updates

1. Compare the curvatures (eigenvalues of H).

Amax 20
Amin = 2, Amax = 20, cond(H) = N =g = 10

Condition number: steepest / flattest curvature

2. Make the larger factor magnitude as small as possible.

Equal factor magnitudes, opposite signs
1
l1-2a=—(1-20a) = 2=22a = a*:ﬁ ~ 0.0909

3. Repeat this fixed step.

9 9 31
. = = next — —— f ~ 0.669
AT gty & 1172 Joext = 7571 f

From cost 49: 45 steps to cost below 107°.

Larger curvature mismatch: slower progress in the slowest direction



Armijo's check chooses the step size

f(z+ad) < f(z)+caVf(z)'d, c=0.01

e The best fixed o needs A\pin and Apax, Which a real cost does not tell you and
which change with z

o Accept the step only if f falls by at least the fraction ¢ of the drop that the
tangent line predicts

o |f not: halve o and try again. If yes: take the step, grow o by 1.2 for next time.

e For a smooth cost and a strict descent direction, unlimited backtracking
terminates; accepted steps make descent monotone

10



Backtracking at z(*) = (3, 2)

fiz'9 + ad)

Halving from a =1: 0.125 rejected, 0.0625 accepted

120
—_— f(zI + ad) )
trials 1, 0.5, 0.25 are off the chart
--- tangent: iz'”) + @Vf'd  (f = 14449, 3240, 642): rejected
100 { —-- Armijo line, c=0.01 .12%

0.00 0.02 0.04 0.06 0.08 0.10 0.12
step size a

ed=-Vf=(-6,—-40)
e threshold =49 — 16.36 «

e f(z® + ad) threshold

1 14 449 32.6
0.5 3240 40.8
0.25 642 44.9
0.125 95.1 47.0
0.0625 9.4 48.0

step 1 2 3 4

accepted o 0.0625 0.075 0.09 0.108

The search adapts @ at each point.

code/descent.py - modules/opt-explorer [l =@l PRIE O5

reject
reject
reject
reject

accept

5
0.13

6
0.078

11


https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=elongated&preset=classic-zig-zag&method=gd&ls=armijo&alpha=1&arrows=on

The algorithm, and what is left out

a <1
repeat
d « -Vf(z)
while f(z + a d) > f(z) + c a Vf(z)T d: # Armijo backtracking
if a <= floor: stop, report "stalled" # floor 10-°
a <o/ 2
Se«ad; ze<z+s # the accepted step
a < 1.2 « # grow for the next trial

until |s| < tolerance or |Vf(z)]| < tolerance

A short accepted step means slow progress, not proven stationarity; a small

gradient means approximate stationarity. Say which test stopped the run (slide 28).

In the backup slides at the end of this deck: Wolfe's curvature condition and
bracket-and-zoom; quasi-Newton (BFGS, L-BFGS); conjugate gradients.

12



Live demo: the optimization explorer

1 - Line search Off, gradient descent

slider o
0.050
0.079
0.100
0.110

before Step
try
try
try

predict, then run

2 . Line search Armijo, slider o = 1.000

Compare "a used" with slide 11

3 - Line search Off, method Newton: one Step

Elongated Quadratic — click to set starting point - % = known optim

modules/opt-explorer - Unconstrained tab m

13


https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=elongated&preset=classic-zig-zag&method=gd&ls=off&alpha=0.05&arrows=off

Back to the arm: one gradient step

fa) =1ile(@ -y I° = Vf(a)=JI@Q)' (e(a)—y")

q(o) y* V f (m2/rad, checked by finite differences)
(30°,45°) (0.5, 0.2) (0.160, 0.045)

q (deg) tip (m) o —y*l
start (30.0, 45.0) (0.424, 0.490) 0.300 m

one step, o« = 1 accepted by Armijo  (20.8, 42.4) (0.509, 0.410) 0.210 m

Stepping against this gradient is called Jacobian-transpose inverse kinematics.
Armijo makes the step size safe.

code/gauss_newton_ik.py - modules/gauss-newton-ik m

14


https://oz-oguz.github.io/cs549-materials/modules/gauss-newton-ik/?y=0.5,0.2&method=gd

Summary of 3.1

2, gradient J ' (o — y*): one

: : . 1
e Inverse kinematics becomes ming 5||¢(q) — y*|
gradient step took the tip from 30 cm to 21 cm off

o Gradient descent: the steepest curvature limits «

o Quadratic, fixed step: cond(H) controls the worst-direction rate

e Armijo backtracking: choose « per step; require sufficient cost decrease

bowl cond(H) steps
today's 10 45
a narrow valley 100 443

the arm near its solution 8.2 56 (notes §4.2)

15



Break

Second half: use the curvature, then use the structure of the cost.

16



Newton uses curvature to choose the step

Fit a quadratic model around the current configuration:
m(8) = f(z) + Vf' 6 + 16 HS
If the model curves upward in every direction, its minimum gives the Newton step:

H6 = VS

e For an upward-curving quadratic cost, one full step reaches the minimum

e For a nonlinear robot cost, check the actual result and rebuild the local model

modules/opt-explorer - optional [l A=l A (1 R Ter: R 11 To Lo ]

17


https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=newton-hessian

Damping can correct an uphill Newton direction

A quadratic model can curve downward. Its stationary point need not minimize it.

Add enough positive curvature to make the model curve upward:
(H+ pI)d = -V f

Live example: a cost with a maximum at the origin, starting at (0.1, 0.1).

step lands at direction
Newton, p =0  (—0.002,—0.002) uphill, toward the maximum
damped, p = 10 (0.165,0.165) downhill

A downhill direction still needs an actual-cost check.

modules/opt-explorer - Unconstrained tab m

18


https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=concepts&fn=quartic-saddle&preset=near-the-maximum&method=newton&ls=off&arrows=off

Gauss—-Newton approximates Newton’s curvature

Minimize the robot's squared tip error:
X

min f(a) = }Ir@|®  r(a)i=ela) -y

First derivative, then second derivative:
Vi=J'r

H = J:Jr + Z’rjv2rj

Gauss—Newton keeps this J

N\ ——

Gauss—Newton drops this

e Small residuals often make the omitted curvature small

e Persistent residuals can make that curvature important

19



Gauss—-Newton reduces the predicted error

Reuse differential IK's Jacobian: choose a joint displacement instead of a velocity.

Minimize the predicted squared error for one step:

min 1| r+ J,6°
0

Setting the model's gradient to zero gives the Gauss—Newton step:
(J'J,)6=-J'r

For IK, the Jacobian is the same, and the residual reverses Deck 03's displacement:

*

J, =J, r=p(q) -y = —e

20



Damping makes the proposed step more cautious

(J'J, +pI)d=—-J'r

Same arm, target, and start, with slide 18's damping idea:

first step undamped damping p = 0.05

elbow change 74.1° 11.5°
actual tip error after the step  0.174 m 0.115m

e Penalizes large joint changes; positive damping makes the system invertible

o With strong damping, curvature has less influence, and the update approaches a
short negative-gradient step

e Fixed damping can slow progress, especially along weak task-motion directions

21



Let the solver adjust the damping

Levenberg-Marquardt (LM) adapts damping as the local model is rebuilt.

For a trial with a predicted cost decrease:

actual cost decrease

AL = predicted cost decrease

What the trial reveals How the solver responds
Ratio near one or larger  Useful prediction; damping can decrease
Small positive ratio Optimistic prediction; increase damping

Actual cost increases Reject the step; retry with more damping

Still a local method: reaching the target is not guaranteed.

opt-explorer - Trajectory tab [l ST =X d=Te ET 1O\ Xe E1a] 131e]



https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=trajectory&preset=three-steps

Inverse kinematics as least squares

The task objective The model for one step
min AICVIF min 3(|r + J4||x + 519l
K weights the task errors. D penalizes the joint change.

Here the residual and Jacobian are evaluated at the current configuration. For the
task error:

[rlk =r Kr

The step penalty discourages large updates from the current configuration. A
posture cost favors staying near a fixed reference posture.

23



Damped Gauss—-Newton for inverse kinematics

Solve for the joint change using the current error and Jacobian:
(J'KJ+D)§ = -J'Kr
The same mapping, when the step matrix is invertible:

J=JKI+D)J'K  §=-J%

1. Compute the tip error and Jacobian

2. Solve for a proposed joint change

3. Check the actual cost with Armijo; shorten the trial if needed

4. Update the joints, rebuild the model, and repeat

24



Four faces of the same step

K D Jt what it is
any (J . . . -
1 Deck 03's differential inverse, applied to the remaining
square, 0 J

_ _ displacement (Deck 03's bridge); Gauss-Newton
invertible)

w is a positive scalar weight, equal for all task-error
components. The limit gives Deck 03's minimum-norm least-

J (= JT(JJT)—l

wl,w—> 00 1
at full row rank)

squares step; exact when the correction is achievable.

slide 21's damped step with J,, = J, since —J,Tr =

I J'J I-1J'
! P ( +PL) J " (y* — ¢); the code and the module
eneral general (J TKJ + D)_1 "these joints are cheaper than those"; KOMO weights features
° ~ 0 J'K this way

Optional, live: the gradient, Gauss-Newton and damped steps from one state on
another sum of squares, with the damping adapted step by step

modules/opt-explorer - Trajectory tab, preset "Three steps from one state" m
25


https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=trajectory&preset=three-steps

Worked example: the two-link arm reaches (0.5, 0.2)

start value i q (deg) ¢ —¥*||  + previous?
q® (30°,45°) 0 (30.0, 45.0) 3.0x10°! -
p(@®)  (0.4241,0.4898) m 1 (-227,119.1) 17x107! -
f(@?)  0.0449 me 2 (-165,845 3.6x10°2 1.2
. 0.9151  3.4151 ) 0.0759 3 (-115807) 15x107° 1.2
Pleapo=3"= | 4oor5 _s7721|" ¥ 9= | 02808
it — —o. —V. 4 (-11.5,804) 4.0x10°¢ 17
D=0 D =0.051 5 (-11.5,80.4) 2.0x10°% 13
| (—52.7°,74.17) . . . .
first st ’ —23. . From step 2 on, h resi | i t
irst step (—0.9201,1.2031) rad (—23.8°,11.5%) om step .o each residual is abou
a constant times the square of the one
residual afterit (0.17 m 0.115m .. .
before (last column). This is quadratic
f after it 0.0151 m2 0.0066 m?2 convergence.
Armijo, o = 1 accepts accepts
steps 5 21

code/gauss_newton_ik.py m

26


https://oz-oguz.github.io/cs549-materials/modules/gauss-newton-ik/?y=0.5,0.2&method=gn

Iterates and residuals

flq) =1§||(§D(q) —y*|I? over joint space, y* = (0.5, 0.2): two valleys, one saddle

120 A
bow-up
60 -
(0)
i
-% 07 )gadcne (21.8°) 0°)
B.
—60 4
*elbow-ﬁown
—120 A
—8— Gauss-Newton (5 steps)
—— gradient descent + Armijo (46 steps)
_180 T T T T T
-180 -—-120 —-60 0 60 120 180
a1 [deq]

le(q) =y " | [m]

10°

Residuals: fixed damping versus adaptive LM

10—2 h

107 1

10—6 4

10-8 ]

10—10 .

10—12 ]

task tolerance

—e— Gauss-Newton (p=0)

L —o— fixed p=0.05

—e— fixed p=0.5

=4~ adaptive LM (p starts at 0.05)
- gradient descent + Armijo

10 20 30 40 50 60
accepted update

code/make_figures.py

27



Stop, and say which of four things happened

outcome test

solved lo(a) —y*|| < e

1T ]| < € | T|7 ||z
with r not small (K =1

stationary _
): the course's relative
gradient test
the line search halves «
stalled down to its smallest

allowed value, the floor,
and Armijo still fails

the iteration cap, or a
limit step too long to mean
anything (diverged)

meaning

the target is reached to
tolerance

V f = 0: the least-
squares compromise if
a minimum, or a bad
stationary point

slow progress, not
stationarity (next slide)

undecided

None of the four proves that no q reaches y*.

Reachable target, zero gradient: stationary, not solved, not unreachable

0.4+ ghost: the solution (—=36.9%,90°)

that bending the elbow reaches
0.3 1
0.2 1
0.1 )

y =1(0.5,0), reachablp
0.0 1 C—*
rso(q) -y’ =(0.2,0)

-0.1 i
velocity ellipge: a
vertical segment

-0.2 (both columnk of J
point across the arm)

—0.3 atq=1(0,0): Vf=) Tr=0, every local step is 0

0.0 0.2 0.4 0.6 0.8

X [m]

stretched arm, target on its own line

Vf=0

every local step is 0
(—36.9°,90°) reaches the target

code/gauss_newton_ik.py (p)
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When the target is on the boundary, or beyond it

Boundary, y* = (0.7, 0): solved, but only

linearly
e (9 halves per step
o the residual is divided by four per step

e the solution is the stretched arm, det J =
[1l5 sin go = 0: J moves the tip only
sideways, so the linear model sees only part of
the gap

Unreachable, y* = (0.8, 0.1), plain Gauss-
Newton:

step what happens

2 reaches (7.6°,0.8°), almost straight

3 length 49.8 rad

later wanders to the iteration limit

o closest reachable point: (0.695,0.087)
e residual there: 0.106 m

outcome tip to
method ) ) closest V£l
(iteration) i
point
Gauss-Newton + 9 x
talled (7 9.96
Armijo, floor 1076 stalled (7) mm 1073
X
same, floor 1078 stalled (10) 9.96 mm ?0_3
X
same, floor 10712 stalled (12) 9.96 mm ?0_3
stationa 5 X
damped, p = 0.01 29) v 0.00 mm 10-10

The stall is this implementation's: the next
halving, 221 passes.

code/gauss_newton_ik.py m

29


https://oz-oguz.github.io/cs549-materials/modules/gauss-newton-ik/?y=0.7,0&method=gn

Live demo: the Gauss-Newton module

Inverse kinematics by damped Gauss-Newton s 549 - ses:

0.8

0.6

0.4

0.2

-0.0

-0.2

-0.4

-0.6

x [m] along the bottom, y [m] on the left - grey arms: iterates - dark arm: current q - % target (drag it)

sion 3.2 - two-link arm, |; = 0.4 m, I, = 0.3 m - drag the target %, press Step or Run.

CONTROLS
Method: ® Gauss-Newton (p = 0)
© damped Gauss-Newton (fixed p) O gradient descent
damping p= 107 em—g 0.001
(J Armijo line search on the step

Step | | Runto convergence (<60) | | Resetqto (30°, 45%)

Target presets: | reachable (0.5,0.2) | | boundary (0.7, 0)
unreachable (0.75,0.05) | | unreachable (0.8, 0.1), the deck's

READOUTS
State after 60 iterations target yx = (0.750, 0.050), |
q = (1075.96°, -2501.63°) 9lg) = (e.690, 0.046)

Iplq) - yk| = 6.85e-2 m  last |step| = 6.9282 rad

=0.0378  |37(p - y¥)| = 3.3e-3

det J = 0.
limit: this Run's cap of 60 iterations was reached (press

10 —~ ~ ~ A
o3

2 10910110 - 1 vs Neraton (0-60)

50 1095.23  -2544,03  6.82e-2  1.0347

2
51 107124  -2490.59 7.4le-2  1.0224
52 1091.95  -2539.42 6.15e-2  0.9257
53 1066.14  -2478.47 9.62e-2  1.1551
54 1085.15  -2523.87 5.22e-2  0.8590
55 975.14  -2266.32 1.1de+d  4.8880
56 1095.04  -2496.94 2.7le-1  4.5366
57 1077.86  -2500.63 5.77e-2  8.3727
58 1122.40  -2609.89 2.52e-1 1.9148
59 1098.17  -2540.95 7.74e-2  1.1285
60 1075.96  -2501.63 6.05e-2  0.9282
IS0V — b with .12 = LIT.1 + VLI (Snrinn 9096

do

default: unreachable target
(0.75,0.05), plain Gauss-Newton,
Step x7

Step once more

Reset, tick Armijo, Run

untick Armijo, click the label p,
press — three times, Run

preset (0.5, 0.2), select Gauss-
Newton (p = 0), Run

drag the target

read

elbow 0.5°
detJ = 0.0011

a step of 35.7 rad

on the boundary by step 5
0.4 mm from the closest
point

readout: stalled, not
stationary

p=56x10""°
within 1 mm by step 4

quadratic convergence on
the log chart, 5 steps

anywhere

modules/gauss-newton-ik m
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A real arm: the Panda in Drake

e Position target: Jis 3 X 7

e J'Jis 7 x 7 of rank 3: with D = 0, infinitely many solutions;
D = pI or J* picks one

run

3a

3b

start, target

ready, 10 cm sideways
and 5 cm down

stretched, 5 cm along the
weakest direction

beyond reach

beyond reach

method

p=10"3

p=1073
p = 1078,
J+
p = 1073,
full steps

Armijo

steps

18

40

outcome

solved

solved
p = 1073: rate 0.6 (slide
21)

limit; steps of 0.9 to 4.2
rad, never settles

limit, still converging
within 1 mm of the
stationary reference tip
0.246 m from the target

run 2, solved; target in gold

run 1, step ¢
0
1

drake/02-gauss-newton-ik/gn_ik_panda.py m

residual (m)
1.1 x 107!
1.7 x 102
3.7 x 107*
3.3x10°°
5.0 x 1078

31
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Use previous steps to choose better directions

When computing a full Hessian is expensive:

Method What it reuses and why
BFGS Gradient changes reveal curvature; no Hessian calculation
L-BFGS A short history reduces storage for many variables

Nonlinear conjugate gradient The previous direction helps guide the new one; little memory

These methods choose a direction. A line search still decides how far to move.

Nocedal & Wright §§5-7 - opt-explorer [ I EI-Xe (1T i1
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A useful step must do more than lower the cost

{q Start

N

Armijo: enough cost decrease

Wolfe: also reject steps that

Cost along the line
N

o

remain steeply downhill

ArMIj0 o ———— Strong Wolfe: also reject slopes
Wolre — that are too steeply uphill
Strong Wolfe L]
0.00 0.25 0.50 0.75 1.00
Step size a

The bands show accepted step sizes along one fixed direction.

Nocedal & Wright §3.1 - opt-explorer [ I =l R RN EEESL
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Summary of 3.2 answers slide 2's three questions

o How far to trust the step? Armijo tests the actual fall in f and shortens or

rejects a step that misses its threshold. Damping penalizes the proposed step
before it is taken. Neither guarantees reaching the target.

e A3 X 7J? The damped step never inverts J. With D = 0 the step equations
have infinitely many solutions, and D > 0 picks one (slide 31).

e What is "closest"? "Closest" means the globally smallest task error. A small
gradient establishes only approximate stationarity, which a saddle or a local
minimum also passes (slide 28). For the two-link arm, reach is settled by
geometry, 0.1 m < ||y*|| < 0.7 m, not by a status word (slides 28 and 29).
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What Gauss-Newton does not know

o Joint limits: an elbow stop at |ga| < 60°

q |Q2\ result
elbow-up solution (—11.5°,80.4°) 80.4° reaches the target, past the stop
elbow-down solution (55.1°,—80.4°) 80.4° reaches the target, past the stop

clip g2 after each step  (—16.4°,60°) 60° stops moving 14.6 cm off

Deck 05 finds the best allowed configuration, still 7.0 cm off.

e Obstacles: nothing in 3||¢(q) — y*||? knows the table exists

e Hard requirements: "exactly here" versus "as close as possible”

Constraints, multipliers and KOMO come in Deck 05 (4.1-4.2), and its solver runs
the same Gauss-Newton step inside.



Failure modes of the day

e Tuning a by hand instead of letting Armijo e Mixing up the three expressions:
decide per step o —JTTr is gradient descent
e Scaling: o has units, rad?/m2 on the arm, o _(J:JT)—lJIr is Gauss-Newton

where it settles near 5. Iterations on the arm: .
o —dJ, alone is a shape error

° acapped at 1: 312 « Stopping on one number: report both norms

o uncapped: 46 and the outcome of slide 28; a small gradient
 Trusting the linear model far away: two cases with a large residual is a stationary point, the
of the same mistake least-squares compromise if it is a minimum,
o slide 26's first step (—52.7°,74.17): and never a proof that y* is unreachable
Armijo accepts it, damping shortens it  Reading a floor as a theorem: "stalled" is the
o slide 29's 49.8 rad step: Armijo rejects it implementation's stopping rule; a smaller trial

can pass, and the slow progress belongs to the
direction
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A1 part 4 is now open; R 3; the next deck

e A1 part 4: implement q < q + J¥(y* — ¢(q)) on your own two-link arm,
position target; report the outcome of slide 28 with both norms; the trajectory
part waits for Deck 05

e R 3: quiz 1 (weeks 1-2); the teaching assistants' RAI tutorial

o Deck 05 (4.1-4.2): constraints and the Karush—-Kuhn-Tucker (KKT) conditions
from a force balance; inverse kinematics and trajectories as one nonlinear
program (KOMO)

a first look at where this goes: modules/opt-explorer - Trajectory tab m
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https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=trajectory&preset=three-steps

Backup slides

The main lecture introduces solver choices and line-search checks at a practical
level. These backups retain the update formulas, detailed conditions and
algorithms. The frozen Spring 2026 sources ( source-2026/opt-lectures/01, 02,
04 ) and the inherited app provide further reference.
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Backup - Wolfe conditions: Armijo plus a curvature check

(1) f(z+ad) < f(z) +c1aVf(z)'d 2)Vf(z+ad)'d>c; Vf(z)'d

e (1) is Armijo: enough decrease. (2) is curvature: the slope along d must have
flattened enough; it rules out lazy tiny steps

e Strong Wolfe replaces (2) by |V f(z + ad)'d| < 2|V f(z) 'd|

typical constant Newton and quasi-Newton directions nonlinear conjugate gradients
C1 104 104
Co 0.9 0.1

Nocedal & Wright §3.1
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Backup - Bracket and zoom

bracket: o « o ; repeat: if Armijo fails or f_d(a) = f_d(previous)
if |f_d'(a)| = cz2 |[f_d'(@)]|: return «
if f_d'(a) = 0: zoom(a, previous)
a « min(2a, o_max)
zoom(lo, hi): repeat: a « (lo + hi)/2
if Armijo fails or f_d(a) = f_d(lo): hi « «
else: if |f_d'(a)| = c2 |[f_d'(Q)]|: return «
if f_d'(a)(hi - 1o) = 0: hi « lo
lo « «

: zoom(previous, a)

# strong Wolfe met

# grow

fa(a) = f(z + ad). Grow first to find an interval that must contain a Wolfe step,

then bisect it.

Nocedal & Wright, Alg. 3.5-3.6
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Backup - Steepest descent in a general norm
dy = arg min Vf(z)'d subjectto|d||y =vd Md<1 = dy x —M 'V f(z)

e M = I: gradient descent
« M = H: Newton's direction, the steepest descent in the metric of the Hessian

e Newton's direction is gradient descent after a change of coordinates that makes
the elongated bowl round, which is why conditioning does not slow it

e Any positive definite IM is a preconditioner; a diagonal one costs O(d) per step
and can remove bad scaling of the coordinates
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Backup - Quasi-Newton: BFGS and L-BFGS

Secant condition H y = s, for the step s and the gradient change y:

s=z"" — 20 y=vVfE") - V§ED)
T

T T
T(i4+1) _ Sy (i ySs SS SR 2 1¢ i
H( )_( _yTs)H()( _yTS)+yTS, d® — _HOV f(z0)

. I:I ~ H ! built from gradients only; stays positive definite if yTs > () (Wolfe
guarantees it)

o BFGS COStS O(d2) per Step; scipy.optimize.minimize picks
L-BFGS stores only the last 5 to 20 oy aetaut ores
with bounds L-BFGS-B
palrS (S7 y)’ at O(d) per Stored palr with constraints SLSQP

modules/opt-explorer - Trajectory tab, preset "Three steps from one state" m
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https://oz-oguz.github.io/cs549-materials/modules/opt-explorer/?tab=trajectory&preset=three-steps

Backup - Conjugate gradients

gold « Vf(z); d <« —-g_old

repeat: o « argmin_a f(z + a d) # (near-)exact line search
z «z+ ad; g_new « Vf(z)
B « max( g_new'™(g_new - g_old) / (g_old™ g_old), 0 ) # Polak—Ribiére

d « —g_new + B d; g_old « g_new

e Momentum on the previous direction makes successive directions conjugate,
dE+DTH 3@ = 0, without ever forming H

e On a d-dimensional quadratic: exact minimum in d steps; memory O(d)

e Needs an accurate line search; sensitive to non-quadratic behavior
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